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Using quasi-exact numerical density-matrix renormalization-group techniques we calculate the
critical Casimir force for a two-dimensional (2D) Ising strip with equal strong surface fields, along
the thermodynamic paths corresponding to the fixed nonzero bulk field h 6= 0. Using the Derjaguin
approximation we also determine the critical Casimir force and its potential for two discs. We
find that varying the temperature along the iso-fields lying between the bulk coexistence and the
capillary condensation critical point leads to a dramatic increase of the critical Casimir interactions
with a qualitatively different functional dependence on the temperature than along h = 0. These
findings might be of relevance for biomembranes, whose heterogeneity is recently interpreted as
being connected with a critical behavior belonging to the 2D Ising universality class.
PACS numbers: 82.45.Mp, 64.60.an, 64.60.De, 68.35.Rh
I. INTRODUCTION
Effective forces arising between two surfaces confining
a fluid close to its critical point, known in the literature
as critical Casimir forces FC [1], have been studied the-
oretically and experimentally for systems belonging to
various bulk and surface universality classes of critical
phenomena. Different geometries of confining surfaces
have also been considered [2–4]. These diverse studies
show that critical Casimir forces are very sensitive to tiny
changes in temperature: a slight variation in the temper-
ature can lead to pronounced changes in the range and
magnitude of FC - even the sign of the force reverses.
Such sensitivity is rather rare but very valuable feature
of effective interactions. It might be of importance for
systems such as colloidal suspensions with a near-critical
solvent. There, by tuning the critical Casimir interac-
tions arising between colloidal particles one can control
the phase behavior [5–8] of colloids, their aggregation and
the stability of colloidal suspensions [9, 10].
For colloids immersed in a binary liquid mixture, it
has been observed that by varying temperature towards
the bulk demixing phase boundary from a one-phase re-
gion of a solvent at its constant composition, the colloidal
particles coagulate reversible at well defined near-critical
temperatures [11–14]. The strongest coagulation of col-
loids is observed for off-critical compositions of the sol-
vent, i.e., at thermodynamic states of the solvent which
correspond to a nonzero conjugate ordering field h of the
order parameter of the solvent. Recall that h is the de-
viation µA − µB − (µA − µB)c of the chemical potential
difference of the two species A and B forming a binary
liquid mixture from its critical value, or a chemical po-
tential deviation µ−µc from its critical value in the case
of a simple fluid.
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FIG. 1: (Color online) Symbols connected by a solid line
show the line of zero total magnetization for the Ising
strip of the width L = 501 and the surface field h1 = 6.32
corresponding to the scaling variable z = 20000. Be-
low the pseudo-critical point of the strip (Tc,L, hc,L) (not
determined here), this line can be identified with the
pseudo-coexistence capillary condensation. Thermody-
namic paths of fixed scaling variable y = L|h|8/15/ξ0h
(as indicated on the plot) along which we have calcu-
lated the critical Casimir force are shown by solid lines.
For L = 501 the chosen values of y correspond to the
bulk fields (subsequently from the left to the right):
|h| = 0.003, 0.000123, 0.0001, 0.00005, 0.00002.
Various theoretical studies for systems belonging to the
Ising universality class provide some evidence [14–19] for
a pronounced dependence of critical Casimir forces FC on
h. The only geometry considered so far in this context is
the geometry of two parallel plates, however, the critical
Casimir scaling functions for parallel plates can be used
to approximate the ones for the sphere-plate or sphere-
sphere geometry. This can be done by using the Der-
2jaguin approximation in the limit of surface-to-surface
separations small in comparison with the sphere radius
[20]. Although in most experimental realizations, the
temperature is varied at the fixed value of h, no results
for FC along such thermodynamic paths are available.
In the present paper we report a systematic study of the
critical Casimir forces along several bulk iso-fields for a
2D Ising model with a strip geometry. We assume that
boundaries of the strip are equal and belong to the so-
called normal transition surface universality class (+,+)
[21], which is characterized by a strong effective surface
field acting on the corresponding order parameter of a
system. Normal transition surface universality class is
an appropriate characterization of a critical fluid in a
presence of an external wall or a substrate [22]. In the
case of colloidal suspensions immersed in a binary liquid
mixture, surface fields describe a preference of colloidal
particles for one of the two components of a binary liquid
mixture. We consider the bulk iso-fields which lie on both
sides of the bulk coexistence h = 0 and close to it, where
we expect the most pronounced variation of the critical
Casimir force. On that side of the bulk coexistence line
which corresponds to the bulk phase not preferred by
the surfaces (e.g., a negatively magnetized phase for pos-
itive surface fields), the bulk iso-fields cross the pseudo-
coexistence line of capillary condensation, i.e., the bulk
pseudo-coexistence line shifted away from h = 0 due to
the confinement. We explore in some detail the behavior
of FC as a function of temperature in the region between
the capillary condensation line and the bulk coexistence
line.
In order to calculate the free energy of a system we use
a quasi-exact numerical density-matrix renormalization-
group method (DMRG). The DMRG method [23], which
is based on the transfer matrix approach [24], provides a
numerically very efficient iterative truncation algorithm
for constructing the effective transfer matrices for strips
of fixed width and infinite length [25]. At present, strips
of widths up to L = 700 lattice constants can be stud-
ied. The quantitative data for thermodynamic quanti-
ties, especially the free energy, are very accurate and can
be provided in a wide range of temperatures and in the
presence of arbitrary bulk and surface fields. This allows
to determine the scaling functions of the critical Casimir
forces.
It is know that the critical Casimir scaling function
depends in a nontrivial way on the spatial dimension.
However, the existing results along other thermodynamic
paths, e.g., along isotherms or along the bulk coexistence,
show that the qualitative behavior of FC in higher spa-
tial dimensions is similar to the one in 2D; we expect the
same to be true also along the bulk iso-fields. Results of
our study are directly applicable to the lipid membranes.
These are 2D liquids consisting of two (or more) com-
ponents, such as cholesterol and the saturated and un-
saturated lipid, which undergo separation into two liquid
phases, one rich in the first two components and the other
rich in the third [27]. Lipid membranes serve as model
systems for cell plasma membranes [26]. Recent experi-
ments suggests that cell membranes are tuned to the mis-
cibility critical point of 2D Ising model [28] so that the
critical Casimir forces may arise between macromolecules
embedded in the membrane [29].
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FIG. 2: (Color online) The critical Casimir forces for the
Ising strip with the width L = 301 and the surface field
h1 = 8.15 providing the scaling parameter z = 20000.
The values of the bulk field ensure that the scaling field
y for which the curves have been calculated, is the same
as in Fig. (1). The inset shows the vicinity of the bulk
critical point, where only minima are present. The solid
lines are guides for eyes.
II. THE MODEL
We consider a two-dimensional Ising model on the
square latticeM×L with a strip geometry and with cyclic
boundary conditions in (1, 0) direction. The energy for a
configuration {s} of spins is given by the Hamiltonian:
H = −J

 ∑
<ij,i′j′>
si,jsi′,j′ − h1
∑
surface
spins
si,j − h
∑
all
spins
si,j

 ,
with J > 0 and si,j = ±1, where (i, j) labels the site
of the lattice. The first sum is over nearest neighbours,
while the second sum is performed over spins at the both
surfaces. We are interested in the limit M → ∞ with
finite L. Bulk and surface fields are measured in the
units of the coupling constant J and the distances are
measured in units of the lattice constant a.
In the two-dimensional Ising model, the scaling fields
describing the deviation from the bulk criticality are
the reduced temperature τ = (T − Tc)/Tc, where Tc ≃
2.26919 is the bulk critical temperature, and the bulk
magnetic field h. The presence of a wall introduces an
additional field: the surface field h1. For a strip of finite
width L, the scaling variables related to the above scaling
fields are x = sgn(τ)L/ξτ = Lτ/ξ
+
0 , y = sgn(h)L/ξh =
3L|h|8/15/ξ0h, and z = L/lh1 = L|h1|2. For 2D Ising model
ξ+0 = 0.5673 and ξ
0
h = 0.233± 0.001 [31, 32]. Here, ξτ :=
ξ(τ, h = 0) = ξ+0 |τ |−ν , ξh := ξ(τ = 0, h) = ξ0h|h|−ν/(βδ),
where ξ(τ, h) is the true bulk correlation length that
governs the exponential decay of the bulk order param-
eter correlation functions. The length scale associated
with the surface field l1 = l
0
1lh1 = l
0
1|h1|−ν/∆
ord
1 , where
the amplitude l01 ≃ 2.8ξ+0 for the 2D Ising model [30].
ν = 1, β = 1/8 and δ = 15 are 2D Ising model values of
standard bulk critical exponents and ∆ord1 = 1/2 is the
surface counterpart of bulk gap exponent ∆. Because the
scaling variable corresponding to a surface field is set to
z = 20000, the effect of a surface magnetic field reaches
saturation, which corresponds to the fixed point |h1| =∞
of the normal transition [21]. Moreover, in such a case the
pseudo-coexistence line in the strip with fixed width is
maximally moved away from the temperature axis. The
chosen thermodynamic paths are the most informative
for the present system. They are shown together with
the pseudo-coexistence line hco(T ) in Fig. (1). hco(T )
have been identified as those positions (h, T ) (below Tc)
in the phase diagram, where the total magnetization of
the strip vanishes, i.e.,
∑L
j=1mj = 0, with mj = 〈si,j〉.
Because non-analytic behavior is rounded in 2D, it is not
possible to uniquely determine the pseudo-critical point
[15].
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FIG. 3: (Color online) The critical Casimir forces for
L = 501 and the surface field h1 = 6.32 providing the
scaling parameter z = 20000. The inset presents the
vicinity of the bulk critical point. The solid lines are
guides for eyes.
III. RESULTS
A. Film geometry
In order to find the critical Casimir force, we first cal-
culate the excess free energy per unit length in (1, 0) di-
rection f ex(L) ≡ (f(L)− fb)L, where fb is the bulk free
energy per spin. For the vanishing bulk field, fb is known
from an analytical exact solution of the two-dimensional
Ising model [33]. For non-vanishing bulk fields, we have
to calculated the bulk free energy numerically. We have
done that in two steps, first, we have determined the
free energies for several strips of widths up to 600 lat-
tice constants with free boundaries (h1 = 0) by using the
DMRG method. Next, the data have been extrapolated
to infinity by the Bulirsch-Stoer method [34]. A precise
determination of the bulk free energy along the chosen
thermodynamic paths is very costly numerically, but the
high accuracy data for fb are absolutely necessary in or-
der to obtained a reliable results for the critical Casimir
forces.
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FIG. 4: (Color online) The scaling function of the critical
Casimir force as a function of the scaling variable x =
Lτ/ξ+0 at z = 20000 and for (a) y = −15.8, and (b)
y = −17.8. The solid lines are guides for eyes.
The critical Casimir force for our system is defined as
FC = −(∂f ex(L)/∂L)h,T . (1)
In our calculations we approximate the above derivative
by a finite difference
FC = −(1/2) [f ex(L+ 2)− f ex(L))] . (2)
From the finite-size scaling theory [35] and the
renormalization-group analysis for the film geometry it
follows that the critical Casimir force FC takes the fol-
lowing scaling form
FC(T, L, h, h1)
kBT
=
1
Ld
ϑ(x, y, z). (3)
d = 2 in two dimensions and ϑ(x, y, z) is the universal
scaling function, where the scaling variables x, y and z
were defined in the previous section.
As one can see in Fig. (2), the curves representing the
critical Casimir force for the strip of the width L = 301
behave smoothly as a function of temperature for all val-
ues of y. It means that the accuracy of the DMRG cal-
culation is high enough for this width of the strip. In
4FIG. 5: (Color online) The scaling function of the critical
Casimir force as a function of the scaling variable x =
Lτ/ξ+0 at z = 20000 and y = −28.4. The inset presents
the near-critical behavior. The solid lines are guides for
eyes.
Fig. (3), the similar results but for a wider strip with
L = 501 are shown.
Along the line y = 0, the negative critical Casimir
force exhibits a minimum above the bulk critical temper-
ature (see the curve marked by full circles in Figs. (2)
and (3)). This result is already known from the analyti-
cal calculations by Evans and Stecki [36]. Upon decreas-
ing the temperature along the lines located between the
bulk coexistence y = 0 and the pseudo-coexistence line
hco(T ), i.e., along the lines with y = −6.7,−10.9,−15.8,
and −17.8, a rapid drop of the critical Casimir force oc-
curs at a rather narrow interval of temperatures near Tc
followed by a more gradual, nearly linear decay towards
more negative values. The further from the axis y = 0,
the more rapid is the initial drop. When the thermody-
namic path intersects the pseudo-coexistence curve, the
decline begins to resemble a sudden jump (see the curve
denoted by stars corresponding to y = −28.4 in Fig. (3)
for L = 501). For thermodynamic paths that cross the
pseudo-coexistence line, we observe in addition to the
jump of the critical Casimir force at the crossing temper-
ature, also the minimum located close to the bulk critical
point above Tc. It can clearly be seen for the strip with
L = 501 at y = −28.4 where the thermodynamic path
is the most shifted from the bulk coexistence line (the
line with stars in Fig. (3) and in its inset). For the pos-
itive values of the bulk field (identical to the sign of the
surface field), the critical Casimir force seems to behave
uniformly. It is very small (negative) and only close to
the bulk critical point a weak minimum can be observed
above Tc. The maximum occurring for L = 501 is not
physical; it is an artefact of the inaccuracy in determining
the bulk free energy.
In Figs (4)(a) and (b) and (5) we plot the critical
Casimir force calculated for three different widths of the
strip: L = 301, 401 and 501 and scaled by L2 as a func-
tion of the scaling variable x = Lτ/ξ+0 for fixed values
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FIG. 6: (Color online) The scaling function of the critical
Casimir force as a function of the scaling variable x =
Lτ/ξ+0 at z = 20000 and for (a) y = −6.7, and (b) y =
−10.9.
of y = −15.8,−17.8 and −28.4, respectively. We find a
very good data collapse, which confirms that the scaling
along the iso-fields holds even for y = −28.4, which is
relatively far from the bulk coexistence.
At the values of y closer to the bulk coexistence, re-
sults for L = 501 and 401 deviate from the master curve
in the region very close to the critical point where our
DMRG-based extrapolation fails. These deviations are
much more pronounced for positive value of y = 15.8,
where the magnitude of the Casimir force is very small
and lead to the occurrence of the unphysical maximum
and the positive values of the Casimir scaling function
near x = 0. In Figs (6)(a) and (b) and (7) we show
the Casimir scaling functions for y = −6.7,−10.9, and
y = 15.8, respectively. Data which deviate from the com-
mon function are not shown.
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FIG. 7: (Color online) The scaling function of the critical
Casimir force as a function of the scaling variable x =
Lτ/ξ+0 at z = 20000 and y = 15.8.
5B. Disc-disc geometry
As already mentioned in Introduction, fluctuations
of the membrane concentration can lead to the critical
Casimir interactions between various membrane inclu-
sions. Modeling the latter by discs and employing the
Derjaguin approximation, we can use our results in order
to calculate the critical Casimir interaction and its po-
tential for two identical discs embedded in the 2D Ising
model. Results available for the strongly adsorbing iden-
tical discs ((+,+) surface universality class) are very lim-
ited. The analysis based on the conformal invariance is
restricted to the bulk critical point ( T = Tc, h = 0 ). It
predicts that in the so called protein limit of small discs
far apart, i.e., ξ ≫ L0 ≫ R, where L0 is the surface-
to-surface separation and R is the radius of a disc, the
critical Casimir potential is given by [37, 38]
U
(dd)
C (L)/kBTC = −
√
2
(
R
L
)1/4
. (4)
In the opposite Derjaguin limit one has
U
(dd)
C (L)/kBTC = −
pi2
24
(
R
L
)1/2
. (5)
At the bulk critical point and for three temperatures
above Tc, the Casimir potential for two disc-like objects
embedded in the 2D Ising lattice has been determined
from the Monte Carlo simulations. However, no results
for the Casimir potential in the full range of temperatures
or, more generally, for the scaling functions are available.
Therefore, even approximate results as those obtained us-
ing the Derjaguin approximation are valuable. Various
studies [39] show that within the Derjaguin approxima-
tion qualitative features of the scaling functions are cor-
rect.
The Derjaguin approximation is valid if the radius R
of discs is much larger than the minimal separation L0
between their surfaces. In the spirit of the Derjaguin
approximation in two dimensions, the curved edge of a
disc is considered to be made up of infinitely thin stairs
(steps) with the length dS(θ). These thin stairs are
parallel to each other for two discs and are at a nor-
mal distance L(θ) = L0 + 2R(1 − cos θ) from an op-
posing identical stair (see Fig. 8). Using the assump-
tion of additivity of the forces underlying the Derjaguin
approximation, we assume that the contribution dF
(dd)
C
of each single pair of stairs to the total critical Casimir
force F
(dd)
C is given by the sum of the critical Casimir
forces which would act in the film geometry on portions
of dS(θ) = R(θ + dθ)−R(θ) ≃ R cos θdθ .
According to eq. (3) this leads to the following expres-
sion for the force acting on a single stair:
dF
(dd)
C
kBT
=
dS(θ)
L2(θ)
ϑ(x(θ), y(θ), z(θ)), (6)
FIG. 8: Geometry of the Derjaguin approximation for
the disc-disc geometry.
where ϑ is the scaling function of the critical Casimir
force in the film geometry. Assuming that the scaling
variable z is fixed at the value corresponding to the (+,+)
boundary conditions, the above equation can be written
as
dF
(dd)
C
kBT
=
dS(θ)
L2(θ)
ϑ(x(θ), y(θ)). (7)
The total force F
(dd)
C is obtained by summing all the
contributions dF
(dd)
C (θ) from the stairs up to the maximal
angle θM =
pi
2 .
F
(dd)
C
kBT
=
∫ θM=pi2
θ=0
dS(θ)
L2(θ)
ϑ(x(θ), y(θ)). (8)
Using the above defined variables dS(θ) and L(θ), and
including the contribution from the lower half of the disc
(it means two integrals), we arrive at the following ex-
pression:
F
(dd)
C
kBT
= 2
w
L0
∫ pi
2
0
cos θ
(1 + 2w(1− cos θ))2
× ϑ(1 + 2w(1 − cos θ))x, (1 + 2w(1 − cos θ))y)dθ, (9)
where w = R/L0. The potential U
(dd)
C (L0) associated
with the Casimir force is given by:
U
(dd)
C
kBT
= −
∫
∞
L0
F
(dd)
C
kBT
(L)dL. (10)
We have calculated the disc-disc critical Casimir force
and its potential numerically using the above formulae.
Using the known exact result for an asymptotic behavior
of the Casimir scaling function for 2D Ising (+,+) strip
at y = 0 [40], we determine the asymptotic decay for
F
(dd)
C /kBT and U
(dd)
C /kBT analytically using the follow-
ing simplification of the integral in (9). In the Derjaguin
limit w = R/L0 ≫ 1, this integral due to the denom-
inator is dominated by contributions corresponding to
small values of the angle θ, so the cosine function can be
expanded to the second order cos θ ≈ 1− 1/2θ2 giving
F
(dd)
C
kBT
= 2
w
L0
∫ pi
2
0
1− 12θ2
(1 + wθ2)2
ϑ((1 + wθ2)x)dθ, (11)
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FIG. 9: (Color online) The rescaled critical Casimir
force F
(dd)
C /(kBT )(L0/R)
3/2 ∗ R (a) and its potential
U
(dd)
C /(kBT )(L0/R)
1/2 (b) the for two identical discs
with radii R = 300, 500 and 1000 as a function of the
scaling variable x = Lτ/ξ+0 at z = 20000 and y = 0, i.e.,
along the bulk coexistence. Data calculated for various
ratios R/L0 form a common curve. Dashed line corre-
sponds to F
(dd)
C /(kBT ) and U
(dd)
C /(kBT ) calculated us-
ing the asymptotic behavior of the critical Casimir force
for a (+,+) strip (see the main text).
Introducing the variable l = w1/2θ and taking into ac-
count that for w → ∞ the upper limit of the integral
w1/2pi/2 goes to infinity independently of θ, the integral
can be extended to infinity taking the following form
F
(dd)
C
kBT
= 2
w3/2
R
∫
∞
0
1
(1 + l2)2
ϑ((1 + l2)x)dl
− w
1/2
R
∫
∞
0
l2
(1 + l2)2
ϑ((1 + l2)x)dl (12)
Since l ∼ θ, the value l2 is very small, so that the
second integral is subdominant and can be neglected.
As for the two-dimensional Ising strip (+,+) the finite-
(a)
(b)
FIG. 10: (Color online) The scaling function of the criti-
cal Casimir force (a) and of the critical Casimir potential
(b) the for two identical discs with radii R = 300, 500
and 1000 as a function of the scaling variable x = Lτ/ξ+0
at z = 20000 and y = −17.8. Dashed line corresponds
to F
(dd)
C /(kBT ) and U
(dd)
C /(kBT ) calculated using the
asymptotic behavior of the critical Casimir force for a
(+,+) strip (see the main text).
size scaling functions of the Casimir force has the form
ϑ(x) = −x2e−x for x→ +∞ [40], one finds the following
form of the leading integral
F
(dd)
C
kBT
= −w
3/2
R
pi1/2x3/2e−x x→ +∞. (13)
Accordingly to the above formula and from Eq. (13) we
obtain the following asymptotic form for the potential
U
(dd)
C
kBT
= −pi1/2w1/2x1/2e−x x→ +∞. (14)
Based on the general scaling arguments, U
(dd)
C between
two discs of a radius R should take the following scaling
7form:
U
(dd)
C (L0;T, h,R)
kBT
=
R
L0
Θ(w, x, y)
=
R
L0
ΘI(w, x, y/x = sgn(τh)ξτ/ξh). (15)
Accordingly, for F
(dd)
C one expects
F
(dd)
C (L0;T, h,R)
kBT
=
R
L20
ϑˆ(w, x, y)
=
R
L20
ϑˆI(w, x, y/x = sgn(τh)ξτ/ξh). (16)
For x = 0 and y = 0, the conformal invariance pre-
dicts Θ(w, 0, 0) = −pi224 (w)−1/2 in the Derjaguin limit
(see Eq. (5)). It follows that ϑˆ(w, 0, 0) = −pi248 (w)
−1/2
.
Guided by the behavior at the bulk critical point, in
Fig. 9(a),(b) we have plotted F
(dd)
C /(kBT ) obtained from
Eq. (9), and rescaled by (w3/2R−1)−1 and U
(dd)
C /(kBT )
obtained from Eq. (10) and rescaled by (w1/2)−1, respec-
tively, as a function of the scaling variable x for y = 0
and various small ratios of R/L0. We find an excellent
data collapse indicating that the leading dependence of
the scaling functions ϑˆ(w, x, 0) and Θ(w, x, 0) on the vari-
able w is the same as that at x = 0 for w≪ 1.
Due to high costs of numerical calculation, we were
not able to produce all data necessary to determine the
scaling functions ϑˆ and Θ for fixed value of y. As follows
from Eq. (9), in order to keep the argument y of ϑ fixed,
the function ϑ has to be known at many values of the
second variable. Nevertheless, we can used our data for
a strip with the fixed value of y. Because of the equality
F
(dd)
C
kBT
=
∫ θM=pi2
θ=0
dS(θ)
L2(θ)
ϑˆ(x(θ), y(θ)) =
∫ θM=pi2
θ=0
dS(θ)
L2(θ)
ϑˆI
(
(x(θ), y(θ)/x(θ) = sgn(τh)
ξτ
ξh
)
, (17)
this procedure determines the Casimir force and the
Casimir potential scaling function along the thermody-
namic path sgn(τh)(ξτ/ξh) = constant.
Results for y = −17.8 obtained using Eq. (17) are
shown in Fig. 10(a),(b). There, we have plotted the crit-
ical Casimir force and its potential, respectively, rescaled
as for y = 0 and as a function of x. (For a strip,
y = −17.8 corresponds to a path shown as the line in
Fig. 1 passing closest to the pseudo critical capillary con-
densation point.) We can see that data for F
(dd)
C /(kBT )
collapse onto a master curve for the same values of the
ratio R/L0 as at y = 0. For the Casimir potential, de-
viations occur in the rapidly decaying part of the curve
around x = 0. These deviations indicate that correc-
tions to the leading w dependence of both scaling func-
tions become important. Due to the integration (10), the
deviations are more pronounced for the critical Casimir
potential than for the critical Casimir force.
Because of the limited number of data that we were
able to obtain for a strip geometry, the Casimir scaling
functions for a disc-disc geometry have been extrapolated
to large positive values of x. The extrapolation curves
coincide with the ones obtained by using the known
asymptotic behavior of the Casimir force scaling func-
tion for (+,+) Ising strips with vanishing bulk field y = 0
given by equations (Eqs. (13) and (14)) (dashed lines in
Figs. 9 and 10). For y 6= 0, the asymptotic behavior
of ϑˆ(x → ∞, y = y0) is not known, therefore using the
same function as for y = 0 is an approximation, which
works well but the amplitude differs from 1 and is equal
to 1.6± 0.2.
IV. CONCLUDING REMARKS
In summary, we have used the numerical DMRG
method in order to study the behavior of critical Casimir
force FC along the near-critical iso-fields in symmet-
ric Ising strips with strong surface fields. In order to
reach the scaling regime and to determined the Casimir
scaling functions, guided by the experience from our
previous studies, we have considered strips as wide as
L = 301− 501.
Contrary to the case of L = 301, results for wider
strips suffer from deviations from the smooth curve in
the vicinity of the bulk critical point. The main reason
lies in the accuracy of the extrapolation procedure to the
value of the free energy for the infinite system. Although
the systems up to L = 700 were analyzed and the DMRG
accuracy was very high (a number of states keptm = 64),
it has occurred to be not sufficient. This is not surpris-
ing, since in the limit of L → ∞, when approaching the
critical point, the correlation length diverges.
The most interesting result of our calculation is the
behavior of FC along the iso-fields which lie between
the bulk coexistence and the capillary condensation line.
There, the magnitude of the critical Casimir forces con-
tinuously increases upon decreasing temperature. This
increase is substantial - for the iso-field line which is the
closest to the capillary condensation critical point, i.e.,
for y = −17.8, the force becomes about 20 times stronger
upon lowering the scaling variable x from the value -5 to
5. It may have an important consequences for experimen-
tal realizations, e.g., for lipid membranes with protein
8inclusions, because most probably the concentration of
components of the membrane is not exactly at its critical
value.
As an outlook, we would like to calculate the scaling
function of the disc-disc Casimir potential along the ther-
modynamic paths which are accessible in experiments,
i.e., changing the temperature at fixed y.
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